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Abstract. In this study, the Generalized Uncertainty Principle (GUP) effect on the
Hawking radiation formed by tunneling of a massive vector boson particle from the 2+1
dimensional New-type Black Hole was investigated. We used modified massive vector
boson equation based on the GUP. Then, the Hamilton-Jacobi quantum tunneling
approach was used to work out the tunneling probability of the massive vector boson
particle and, Hawking temperature of the black hole. Due to the GUP effect, the
modified Hawking temperature was found to depend on the black hole properties, the
AdS3 radius, and on the energy, mass and total angular momentum of the tunneling
massive vector boson. In the light of these results, we also observed that modified
Hawking temperature increases by the total angular momentum the particle while it
decreases by the energy and mass of the particle, and the graviton mass. Also, in
the context of the GUP, we see that the Hawking temperature due to the tunnelling
massive vector boson is completely different from both that of the spin-0 scalar and
the spin-1/2 Dirac particles obtained in the previous study. We also calculate the heat
capacity of the black hole using the modified Hawking temperature and then discuss
influence of the GUP on the stability of the black hole.
1. Introduction
It was theoretically proved by Hawking that a black hole can emit thermal radiation as a
result of quantum tunneling process of the particles created by the quantum fluctuation
near the event horizon [1, 2, 3, 4]. This suggestion has an important influence in
understanding the quantization of black hole and gravity [5, 6]. Since the Hawking’s
discovery, many different methods were developed to calculate black hole radiation,
known as Hawking radiation, in the literature. For instance, the Hamilton-Jacobi
approach is an effective way to study the Hawking radiation as a quantum tunneling
process of particles from black holes. In this context, Hawking radiation is seen to be
extensively investigated in the literature in the context of quantum tunneling of a point-
like elementary particle [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32, 33, 34]. These studies show that Hawking radiation of a
2black hole must be completely independent from the mass, total angular momentum,
energy, charge of a tunneling point particle.
On the other hand, alternative approaches about quantum gravity predict the
presence of a minimal observable length in Planck scale [35, 36, 37, 38, 39, 40, 41, 42].
The existence of such length leads to the GUP, a generalization of the standard
Heisenberg uncertainty principle [36, 43, 44, 45]. Effects of the GUP on the standard
quantum mechanical problems [46, 47], on the early and late times of the universe
[48, 49, 50, 51], and on thermodynamic properties of black holes [52, 53, 54] have been
extensively discussed in the literature. To calculate the modified Hawking radiation in
the GUP framework by Hamilton-Jacobi approach, Klein-Gordon equation for spin-
0 particle, Dirac equation for spin-1/2 particle, and massive W∓-boson equation
for spin-1 particle are modified [55, 56, 57]. It shows that the modified Hawking
temperature depends not only on properties of black hole, but also on the properties
of tunneling particle, such as mass, angular (orbital+spin) momentum, energy, charge
[58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71]. Furthermore, it has been proved that
the spin-0 and spin-1/2 particles tunnel through the horizon of the 2 + 1 dimensional
black holes in the same way in the absence of the GUP effect. On the other hand,
they tunnel differently in the presence of the GUP effect [72, 73]. Therefore, our plan
was to figure out the effect of the GUP on the Hawking temperature of the 2 + 1
dimensional new-type black hole by using process of tunneling of the massive spin-1
particle described by the relativistic equation derived from the quantization of classical
zitterbewegung model [74, 75]. This will provide a comparison of the results of the
tunneling process of the different particles types from the new-type black hole under
conditions with and without the GUP effect [32, 33, 34, 73]. The stability of the black
hole will also be discussed in the context of the GUP.
The paper is organized as follows: in the following section, we modify the
massive vector boson equation in the framework of the GUP. After that, in section
3, we introduce the new-type black hole, and then calculate its modified Hawking
temperature by using the Hamilton-Jacobi approach. Moreover, using the modified
Hawking temperature, the heat capacity of the black hole is calculated for analyzing the
stability of the black hole. In section 4, we summarize the results.
2. Modified Vector Boson Equation
In a curved spacetime background, the massive vector boson equation can be written
as in [74]
iβµ(x) [∂µ − Σµ(x)] Ψ(x) = m0
h¯
Ψ(x) (1)
where the m0 and Ψ (x)=(ψ+, ψ0, ψ0, ψ−)
T are the mass and the wave function of the
massive vector boson, respectively [74, 76, 77, 78, 79, 80, 81, 82, 83, 84]. βµ(x) and
Σµ(x) are Kemmer matrices in 2+1 dimensional curved spacetime and spin connection
3coefficients, respectively, and their expressions are given as
βµ(x) = σµ(x)⊗ I + I ⊗ σµ(x)
Σµ (x) = Γµ(x)⊗ I + I ⊗ Γµ(x), (2)
in terms of the Dirac matrices, σµ(x), and spin connections for Dirac particle, Γµ(x)
[85].
To investigate the quantum gravity effect on the tunnelling process of the massive
vector boson, Eq.(1) has to be rewritten in the framework of the GUP. The simplest
and well-known form of the GUP relation is given as follows [86, 87, 88, 89];
∆x∆p ≥ h
2
[
1 + α(∆p)2
]
, (3)
where α=α0/M
2
p with Planck mass, Mp, and a dimensionless parameter, α0. Moreover,
the Eq.(3) can be derived by using the modified Heisenberg algebra relation given as
[86, 87, 88, 89]
[xi, pj ] = ih¯δij
[
1 + αp20i
]
, (4)
with modified position, xi, and modified momentum pj operators given in terms of the
standard position, x0i, and momentum operators, p0j,
xi = x0i,
pi = p0i(1 + αp
2
0), (5)
respectively, and p20=p0jp
j
0 [61]. On the other hand, the modified energy relation is given
by the following form [56, 64, 87, 88]:
E˜ = E
(
1− αE2
)
= E
[
1− α
(
p2 +m20
)]
, (6)
with the energy mass shell condition, E2 = p2 + m20. In addition, the square of the
momentum operator can be expressed after neglecting the higher order terms of the α
parameter as follows [89];
p2 = pip
i ≃ −h¯2
[
∂i∂
i − 2α
(
∂j∂
j
) (
∂i∂
i
)]
. (7)
Including the Eq.(5), Eq.(6) and Eq.(7), the modified massive vector boson equation
can be written as follows;(
iβi(x)∂i − iβµ(x)Σµ − m0
h¯
) (
1 + αh¯2∂j∂
j − αm20
)
Ψ˜ + iβ0(x)∂0Ψ˜ = 0,(8)
or in its explicit form:
iβ0∂0Ψ˜ +
[
iβi
(
1− αm20
)
∂i + iαh¯
2βi∂i
(
∂j∂
j
)]
Ψ˜− m0
h¯
(
1 + αh¯2∂j∂
j − αm20
)
Ψ˜
−iβµΣµ
(
1 + αh¯2∂j∂
j − αm20
)
Ψ˜ = 0, (9)
where the Ψ˜ is the modified wave function of a vector boson.
43. Tunneling of vector boson particle from New-type black hole
In the framework of the quantum gravity, several studies have been carried out with
a focus on 2 + 1 dimensional theories (i.e. a toy model) [90, 91, 92, 93]. The New
Massive Gravity is just one of them [94]. It has topologically a graviton with mass
[94, 95, 96]. This theory provides black hole solutions. For example, the New-type black
hole, which is asymptotically anti-Sitter, static and circular symmetric, is a solution to
field equations of the theory. Also, the New-type black hole is conformally flat, and
therefore it corresponds to a solution of the 2+1 dimensional conformal gravity theory
[97, 98]. The spacetime metric of the black hole given as
ds2 = L2
[
f (r) dt2 − 1
f (r)
dr2 − r2dφ2
]
, (10)
where f(r) = r2+br+c and b and c two constant parameters related to the ”gravitational
hair” and ”mass”, respectively [97, 98, 99, 100]. L is the AdS3 radius defined as
L2= 1
2m2
= 1
2Λ
in terms of the graviton mass, m, (or the cosmological constant, Λ).
The black hole has an outer and inner horizons located at r+=
1
2
(
−b+√b2 − 4c
)
and
r−=
1
2
(
−b−√b2 − 4c
)
, respectively. Also, it has a curvature singularity at r = 0 when
b 6= 0. This singularity is always surrounded by an event horizon. Also, the signatures of
the b and c parameters play important role on the mathematical and physical properties
of the black hole [97, 99]. The horizons coincide with each other when b2=4c, i.e. the
black hole becomes extremal. Moreover, when b=0 and c < 0, the black hole is reduced
to the static Banados-Teitelboim-Zanelli (BTZ) black hole [97, 99].
In this work, the effect of the GUP on the Hawking temperature of the black hole
was investigated by tunneling of the massive vector boson particle. In this investigation,
the Kemmer matrices and spin connection coefficients from [34] were employed. Inserting
the following ansatz for the modified wave function [74],
Ψ˜(x) = exp
(
i
h¯
S (t, r, φ)
) 
A (t, r, φ)
B (t, r, φ)
B (t, r, φ)
D (t, r, φ)
 , (11)
in Eq.(9) and neglecting the terms with h¯, we obtain the following three decoupled
differential equations:
B
iL2
r
∂S
∂φ
+ iα
1
r3
(
∂S
∂φ
)3
− α
√
f
r2
(
∂S
∂φ
)2 (
∂S
∂r
)
+ αL2m20f
∂S
∂r
− L2
√
f
∂S
∂r

+B
iαf
r
(
∂S
∂φ
)(
∂S
∂r
)2
− αf
√
f
(
∂S
∂r
)3
− iαm
2
0L
2
r
∂S
∂φ

+A
iαLm0
2r2
(
∂S
∂φ
)2
+ iα
Lm0f
2
(
∂S
∂r
)2
+ iL3
m0 (1− αm20)
2
+ i
L2√
f
∂S
∂t
 = 0
5A
−L2√f ∂S
∂r
− iαf
r
(
∂S
∂φ
)(
∂S
∂r
)2
+ iα
m20L
2
r
∂S
∂φ
− αf
√
f
(
∂S
∂r
)3
− iα 1
r3
(
∂S
∂φ
)3
+A
−iL2
r
∂S
∂φ
− α
√
f
r2
(
∂S
∂φ
)2 (
∂S
∂r
)
+ αL2
√
fm20
∂S
∂r

+D
iL2
r
∂S
∂φ
− iαm
2
0L
2
r
∂S
∂φ
+ iα
f
r
(
∂S
∂φ
)(
∂S
∂r
)2
− L2
√
f
∂S
∂r
− αf
√
f
(
∂S
∂r
)3
+D
αL2m20f ∂S∂r + iα 1r3
(
∂S
∂φ
)3
− α
√
f
r2
(
∂S
∂φ
)2 (
∂S
∂r
)
+B
iL3m0 (1− αm0) + iαLm0f
(
∂S
∂r
)2
+ iα
m0L
r2
(
∂S
∂φ
)2 = 0
B
−L2√f ∂S
∂r
− iL
2
r
∂S
∂φ
− α
√
f
r2
(
∂S
∂φ
)2 (
∂S
∂r
)
+ αL2m20
∂S
∂r
− iα 1
r3
(
∂S
∂φ
)3
+B
−iαf
r
(
∂S
∂φ
)(
∂S
∂r
)2
+ iα
m20L
2
r
∂S
∂φ
− αf
√
f
(
∂S
∂r
)3
+D
iL3m0 (1− αm20)
2
+ iα
Lm0
2r2
(
∂S
∂φ
)2
+ iα
Lm0f
2
(
∂S
∂r
)2
− i L
2
√
f
∂S
∂t
 = 0(12)
where A(t, r, φ), B(t, r, φ) and D(t, r, φ) are functions of the spacetime coordinates and
S(t, r, φ) is the particle trajectory known as classical action. The nontrivial solution was
found by the condition put on the determinants of the coefficients. Accordingly, we get
the modified Hamilton-Jacobi equation as
1
f
(
∂S
∂t
)2
− 1
r2
(
∂S
∂φ
)2
− f
(
∂S
∂r
)2
− m
2
0L
2
4
+ α
9m20f
4
(
∂S
∂r
)2
+
1
L2
(
∂S
∂t
)2 (
∂S
∂r
)2
+α
− 6f
L2r2
(
∂S
∂r
)2 (
∂S
∂φ
)2
+
9m20
4r2
(
∂S
∂φ
)2
+
3m40L
2
4
− 3f
2
L2
(
∂S
∂r
)4
− 3
L2r4
(
∂S
∂φ
)4
+α
 1
L2r2f
(
∂S
∂t
)2 (
∂S
∂φ
)2
− m
2
0
f
(
∂S
∂t
)2 = 0. (13)
Using the separation of variables method, the action function, S (t, r, φ), is decomposed
into its components as follows;
S (t, r, φ) = −Et + jφ+K(r) + C, (14)
with E and j are the energy and total angular momentum of the particle, respectively,
and K(r)=K0(r)+αK1(r) [65] and the C is a complex constant. Inserting Eq.(14) into
Eq.(13), we get the radial trajectory function, K (r), of the particle as follows:
K±(r) = ±
∫ √E2 − f(m20 + j2r2 )
f
[1 + αχ] dr (15)
6where χ is
χ =
1
4L2f
5E2L2m20f − 4E4
E2 − f
(
m20 +
j2
r2
)
 .
Here, K+ (r) and K− (r) represent the radial trajectories of the outgoing and incoming
particles on the outer horizon, respectively. Therefore, the integration in Eq.(15) is
calculated as
K±(r) = ±i piE
(r+ − r−) [1 + αΩ] . (16)
where Ω is
Ω =
(r+ − r−)2
(
9L2m20r
2
+ − 4j2
)
+ 16E2r2+
8L2r2+ (r+ − r−)2
.
Accordingly, the outgoing and ingoing probabilities of the massive vector boson particles
crossing the outer horizon are given by
Pout = exp
[
−2
h¯
ImK+ (r)
]
Pin = exp
[
−2
h¯
ImK− (r)
]
, (17)
respectively. Furthermore, the total tunneling probability of the massive vector boson
particle crossing the horizon is expressed as [20]
Γ = e−
2
h¯
ImS(t,r,φ) =
Pout
Pin
. (18)
Using Eqs.(17) and (18), and the fact that ImK+ (r) = −ImK− (r), the total tunneling
probability is obtained as follows;
Γ = exp
[
−4
h¯
ImK+ (r)
]
= exp
{
− 4piE
(r+ − r−) [1 + αΩ]
}
. (19)
On the other hand, the tunneling probability can be expressed in terms of Boltzmann
factor as
Γ = e−
2
h¯
ImS = e−βE , (20)
where β is the inverse of temperature. Finally, the modified Hawking temperature
becomes
T
′
H = h¯
(r+ − r−)
4pi
[1 + αΩ]−1 . (21)
If we expand the T
′
H in terms of the α powers and neglect the higher order terms, the
modified Hawking temperature of the New-type black hole becomes as follows;
T
′
H = TH [1− αΩ] , (22)
where the TH = h¯
(r+−r−)
4pi
is the standard Hawking temperature of the black hole. From
the T
′
H expression, we see that the modified Hawking temperature can be related not
only the mass of the black hole, but also to the AdS3 radius, L, (and, hence, to the
graviton mass) and the properties of the tunnelled massive vector boson, such as angular
7momentum, energy and mass. In addition, this result indicates that the modified
Hawking temperature caused by tunneling vector boson particle is completely different
from that of both scalar and Dirac particles [73]. Therefore, in the framework of the
GUP, one can say that massive spin-0 scalar, massive spin-1/2 Dirac and massive spin-1
vector boson particles probe the black hole in different manners. On the other hand,
in the case of α = 0, the modified Hawking temperature is reduced to the standard
temperature obtained by quantum tunneling process of the point particles with spin-0,
spin-1/2 and spin-1, respectively [32, 34].
The local stability of a black hole can be analyzed by its heat capacity [101]. The
positive heat capacity means that black hole is locally stable otherwise it is unstable
[102, 103, 104]. The modified heat capacity of a black hole can be calculated from the
relation
C ′ =
∂M
∂T ′H
(23)
where T ′H is the modified Hawking temperature given in Eq.(21), and M is mass of the
black hole given as [99],
M =
(r2+ − r2−)
16G
(24)
with gravitational constant G. Hence, using Eqs.(21) and (24), the modified heat
capacity of the black hole calculated as
C ′ =
pi(r+ − r−)
2h¯G
+ αpi
[
9L2m20r
5
+ + 9L
2m20r
3
+r
2
− + 4j
2r3+ + 20r+j
2r2−
]
16h¯GL2r3+(r+ − r−)
−αpi
[
18L2m20r
4
+r− + 16E
2r3+ + 16j
2r2+r− + 8j
2r3+
]
16h¯GL2r3+(r+ − r−)
. (25)
or
C ′ =
pi(A− B)
16h¯GL2r3+(r+ − r−)
, (26)
where the abbreviations A and B are
A = 8L2r5+ + 8L2r3+r2− + 9αL2m20r5+ + 4αj2r3+ + 9αL2m20r3+r2− + 20αj2r+r2−,
B = 16L2r4+r− + 18αL2m20r4+r− + 16αj2r−r2+ + 16αE2r3+ + 8αj2r3−,
respectively. The points where the heat capacity vanishes or diverges represent the
phase transition points where the black hole undergoes from an unstable state to a stable
state. The points, where the heat capacity is vanished, correspond to a first-order phase
transition while the diverged points to a second-order phase transition. According to
the Eq.(26), the modified heat capacity diverges at point r+ = r−. This indicates that
the black hole is stabilized by passing through a second-order phase transition. The
modified heat capacity is positive for r+ > r−. Hence in this region, the black hole is
said to be locally stable. However, for r+ < |r−|, the black hole locally unstable. On the
other hand, for r+ > r−, the modified heat capacity vanishes at point A = B. This case
8indicates that the black hole undergoes a first-order phase transition to become stable.
In the absence of the GUP effect the heat capacity becomes as
C =
pi(r+ − r−)
2h¯G
. (27)
According to this, it can be said that the heat capacity vanishes at point r+=r− whereas
there is no point where it diverges. This indicates that the black hole has become stable
through only the first-order phase transition.
4. Summary and Conclusion
In this study, we investigate the quantum gravity effect on the tunneling massive
vector boson from the New-type black hole in the context of the 2+1 dimensional New
Massive Gravity. For this, using the GUP relations, we first modified the massive vector
boson equation. Then, using the Hamilton-Jacobi approach, the tunneling probability
of the massive vector particle was derived, and subsequently, the modified Hawking
temperature of the black hole was calculated. We also found that the modified Hawking
temperature not only depends on the black hole’s properties, but also depends on the
emitted spin-1 vector boson’s mass, energy, total angular momentum. It is also worth
to mention that the modified Hawking temperature is seen to be depended on the mass
of graviton in this context. As can be seen from Eq.(22), the Hawking temperature
increases by the total angular momentum of the tunneled particle while it decreases by
the energy and mass of the tunnelled particle and the graviton mass.
In addition, according to Eq.(22), we can summarize some important results as
follows:
• If 9r2+(r+−r−)2m
2
0
m2
+16E2r2+ > 4j
2(r+−r−)2, the modified Hawking temperature of
the tunneling vector boson is lower than the standard temperature. However, when
9r2+(r+ − r−)2m
2
0
m2
+ 16E2r2+ < 4j
2(r+ − r−)2, the corrected temperature is higher
than the standard temperature. If 9r2+(r+ − r−)2m
2
0
m2
+ 16E2r2+ = 4j
2(r+ − r−)2,
then the contribution of the GUP effect is canceled, and the modified temperature
of the tunneling vector boson reduce to the standard temperature.
• As described previously, the New type black hole is reduced to the static BTZ black
hole in the case of b = 0 and c < 0. Hence, the modified Hawking temperature of
the static BTZ black hole under the GUP effect is
T
′
H = TH
1− αm2
[
9m2
0
2m2
|c| − 4j2
]
+ 4E2
4 |c|
 ,
where r+ = −r− =
√
|c| is used and TH = h¯
√
|c|
2pi
is the standard Hawking
temperature of the static BTZ black hole in the context of the 2+1 dimensional
New Massive Gravity theory [32]. In this case, the modified Hawking temperature
is higher than the standard Hawking temperature when 4E2 +
9m2
0
2m2
|c| < 4j2. On
9the other hand, as 4E2+
9m2
0
2m2
|c| > 4j2, the modified Hawking temperature is lower
than the standard Hawking temperature.
• In the absence of the quantum gravity effect, i.e. α = 0, the modified Hawking
temperature is reduced to the standard temperature obtained by quantum tunneling
of the massive spin-0, spin-1/2 and spin-1 point particles [32, 34].
In this study we also consider the local stability of the black hole under the GUP
effect. At that case, we observe that in the absence of quantum gravity effect, the black
hole undergoes first-order phase transition only, but, in the presence of the quantum
gravity effect, it undergoes to the first and second-order phase transitions to become
stable.
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